Abstract Raingauge measurements are commonly used to estimate daily areal rainfall for catchment modelling. The variation of rainfall between the gauges is usually inadequately captured and areal rainfall estimates are therefore very uncertain. A method of quantifying these uncertainties and incorporating them into ensembles of areal rainfall is demonstrated and tested. The uncertainties are imposed as perturbations based on the differences in areal rainfall that result when half of the raingauges are alternately omitted. Also included is a method of: (a) estimating the proportion rainfall that falls on areas where no gauges are located that are consequently computed as having zero rain, and (b) replacing them with plausible non-zero rainfalls. The model is tested using daily rainfall from two South African catchments and is found to exhibit the expected behaviour. One of the two parameters of the model is obtained from the rainfall data, while the other has direct physical interpretation.
INTRODUCTION
Rainfall is the main driver of catchment hydrological processes and a major input of catchment models. Radar and satellite-based rainfall measurements provide better spatial coverage than raingauge measurements, but radar and satellite data are still not readily available to many modellers. In southern Africa, both radar and satellite rainfall data span much shorter periods of time than raingauge data. Hughes (2006) found satellite data to be unsuitable for monthly-scale catchment modelling, but a later study (Sawunyama and Hughes 2008) found satellite data to have the potential to provide rainfall data for catchment modelling where no raingauge data exist. Although several studies involving radar rainfall application have been carried out in South Africa (Seed and Austin 1990 , Pegram and Clothier 2001 , Terblanche et al. 2001 , Sinclair and Pegram 2005 , this has not translated to the use of radar rainfall for routine hydrological modelling. This could be attributed to the cost of acquiring and the complexity of processing radar data. Raingauge measurements, therefore, still remain the main source of rainfall data for practical hydrological analysis, including areal rainfall determination. With the possible exception of small experimental catchments, raingauges are usually sparsely distributed and each raingauge measures rainfall over a very minute area of the catchment. The resulting areal rainfall estimates are therefore substantially uncertain and this has been the subject of several studies. Seed and Austin (1990) used 5-minute interval radar rainfall data to obtain artificial raingauge rainfall of varied density and distribution. They then computed the errors in areal rainfall determined from these "point" measurements taking the original radar rainfall as "true". Based on this, a model that related this error to raingauge density and rainfall characteristics was developed. Steiner (1996) used a high-density tipping bucket data set to express monthly areal rainfall uncertainty as a function of rainfall depth, area and frequency of observation. Duncan et al. (1993) demonstrated the impact of raingauge density on flood hydrograph characteristics of a rural catchment using synthetically derived radar and point data. Andréassian et al. (2001) studied three catchments using three rainfall-runoff models and found the improvement of rainfall data quality to improve rainfall-runoff modelling performance and to also impact on the rainfall-runoff model parameters. Vrugt et al. (2008) applied a Bayesian approach and found rainfall input uncertainty to impact on the posterior distribution of catchment model parameters. Carpenter and Georgakakos (2004) used radar rainfall and found the impact of rainfall uncertainty on simulated flood event runoff to reduce as catchment area increases. Pardo-Iguzquiza (1998) applied simulated annealing to obtain the optimal number and location of raingauges that would minimize areal rainfall estimation error and the cost of data collection. Applying a genetic algorithm, Anctil et al. (2006) found 12 optimally-located raingauges to be adequate for maximizing the performance of artificial neural network rainfall-runoff forecasting performance of a 14-year long daily rainfall sequence of a 3234-km 2 catchment. This analysis used up to 23 raingauges, but using more than 12 gauges was found not to improve modelling performance. Volkmann et al. (2010) applied a multi-criteria approach to obtain optimal locations of raingauge networks of one to four raingauges for estimating the 15-min interval mean areal rainfalls for flash-flood prediction of a 91-km 2 catchment. This study limited the practical number of raingauges to four as this gave a raingauge density of close to one raingauge per 25 km 2 , as proposed by Michaud and Sorooshian (1994) and recommended by the USA National Weather Service for flash-flood forecasting of arid areas. Recent studies on stochastic rainfall data generation have focused either on multi-point generation (Srikanthan and Pegram 2009, Mehrotra and Sharma 2009) , or on errors in the point rainfall measurements themselves (Vrugt et al. 2008) .
The intention here was to formulate and test a simple, efficient and robust method of generating areal rainfall from point rainfalls using any areal rainfall estimation method, whilst incorporating uncertainties comprehensively. This is in keeping with the need for practical hydrological analysis and modelling tools (Hughes 2004) . The basic approach was to stochastically generate ensembles of plausible uncertainty-impacted areal rainfalls, instead of the common approach of computing a single areal rainfall value that is assumed to be error free. The basic concepts of the formulation now follow.
Given a catchment with a certain number of raingauge measurements that are assumed to be equally reliable, the best estimate of areal rainfall would be obtained using all the raingauges available. Unless the raingauge density is very high (only expected in some experimental catchments), the areal rainfall obtained in this way is expected to be substantially uncertain, because the raingauges will not capture the actual variation of rainfall across the catchment. It is also expected that some of the small rainfall events in the catchment will be totally missed by the raingauges. The stochastic areal rainfall generator therefore needs to: (a) quantify the uncertainties to the computed non-zero areal rainfall, and (b) quantify the proportion and magnitudes of rainfall events that are missed out by the raingauges and therefore computed as zero. The uncertainty on non-zero rainfalls can be incorporated into the areal rainfalls using appropriately derived perturbations. The approach taken here is to derive the perturbations on areal rainfall using probability distributions of the differences in areal rainfall computed at lower raingauge densities by alternately omitting half (or about half) of the raingauges. These differences are scaled down since they are derived at half the actual raingauge density. They are also constrained to prevent the generation of negative or unrealistically large areal rainfalls. The details of the method are described in Section 4. To quantify the proportion of non-zero areal rainfalls that are missed out, and therefore computed as zero, the following steps are followed: (i) the variation of the proportion of areal rainfall computed as zero with raingauge density is determined; (ii) this variation is used to obtain the expected proportion of zero rainfalls for a full-capacity raingauge density (i.e. one that would capture all significant rainfalls); (iii) the difference in the proportion of zero rainfalls at the current and the full capacity raingauge density is computed. This gives the proportion and the number of zero rainfalls at the current raingauge density that need to be filled up with non-zero rainfalls; and (iv) this number of zero rainfalls is randomly replaced with plausible non-zero rainfalls. Section 5 provides the details of this part of the generator.
DATA FOR MODEL FORMULATION AND TESTING
The model formulation and testing used daily rainfall data from two South African catchments ( Fig. 1 
GENERATION OF PERTURBATIONS AND THEIR CHARACTERISTICS
Let H t be the daily areal rainfall for day t obtained using all the raingauges available, and L 1 t and L 2 t the areal rainfalls obtained from lower raingauge densities by alternately omitting half of the raingauges whilst maintaining as uniform a spread of raingauges over the catchment as possible. Two differences in areal rainfall can be obtained for period t as:
To obtain the lower-density areal rainfalls L 1 t and L 2 t for the two study catchments, two raingauge groups were created with the aim of achieving uniform coverage of the areas, as follows: Liebenbergsvlei:
The Berg:
Areal rainfalls were computed using the inverse distance weighting method-a widely understood and simple method that performs at par with the more advanced geostatistical techniques (Ly et al. 2011) . As expected, there were days when the computed areal rainfall for one group was zero, while it was greater than zero for the other group of stations. Figure 2 shows the differences (P 1 t and P 2 t ) for a 1-year period for Liebenbergsvlei and the times when one group obtained areal rainfall greater than zero while the other recorded zero rainfall. This happened 7.3% and 6.6% of the time for Liebenbergsvlei and the Berg, respectively. Figure 2 also shows the periods when there was correspondence in either recording rain or no rain. Intuitively, it would be expected that the differences P 1 t and P 2 t increase as the areal rainfall H t increases and this dependence was therefore investigated. Figures 3 and 4 present graphs of the differences versus rainfall for Liebenbergsvlei and the Berg, respectively. It is observed that the differences increase with increased rainfall, except for some of the very high rainfalls where a reduction in differences is evident. This reduction is an indication that some of the very high rainfalls covered large areas of the catchments and the gauges generally recorded rainfalls that did not vary appreciably. Variation of areal rainfall differences at half the raingauge density with areal rainfall at existing raingauge density for the Berg.
The differences in Figs 2, 3 and 4 have been generated using L 1 t and L 2 t and intuitively, these differences would need to be reduced and constrained before being applied as perturbations on H t , which is obtained at a higher raingauge density. In order to obtain reasonable estimates of the reduction that would need to be applied, the variability of the differences P 1 t and P 2 t at various raingauge densities for the two catchments was analysed. This analysis used all 8 stations for the Berg and 8 of the 12 stations for Liebenbergsvlei. It was considered more reasonable to use 8 and not all 12 stations, because the latter would only provide three doubling-up raingauge densities (12, 6 and 3 stations), while 8 stations could provide four raingauge densities (8, 4, 2 and 1 station), as illustrated in Fig. 5 . For each catchment, a single sequence of P 1 t and P 2 t values was obtained for a density of eight raingauges. Two sequences of P 1 t and P 2 t were obtained at a raingauge density of 4 stations, while four sequences were obtained for a raingauge density of 2 stations. Cumulative probabilities of all the individual sequences were obtained using the Weibull plotting position method, which is described in more detail in Section 4.
The individual cumulative probability densities for a given raingauge density were then averaged to give a single probability density plot. A comparison of the cumulative probability density plots of P 1 t and P 2 t indicated (as expected) that variability reduced as raingauge density increased (Figs 6(a) and 7(a)). Furthermore, it was found that scaling the cumulative density plot of a given raingauge density by a reasonably precise value obtained a plot very similar to the cumulative density plot of a higher raingauge density (Figs 6(b) , 6(c), 7(b) and 7(c)).
The proposed approach for filling in the areal rainfalls that are missing (and therefore computed as zero) requires a formulation that quantifies the variation of the proportion of zero areal rainfalls with raingauge density. It was conceptualized that the reduction in the proportion of zero areal rainfalls remains constant as the raingauge density is doubled. This concept was tested graphically using the rainfall data for the two catchments by plotting the average proportion of zero rainfalls against an index of raingauge density defined as n = log 2 (Number of raingauges). The plot, presented as Fig. 8 , reveals a linear relationship between the proportion of zero rainfalls and n. For the range of raingauge density tested, the concept clearly holds. This analysis averaged the proportions of zero rainfalls obtained at various gauge densities using combinations as illustrated in Fig. 5 . Figure 9 illustrates the computation of the perturbed areal rainfall S t . The perturbations P t are dependent on the rainfall, and rainfall groups are used to enable this dependence to be incorporated. The selection of the groups is based on the observed variation of the differences with rainfall magnitude and the need to obtain reasonably large sample sizes. However, as Figs 3 and 4 reveal, large sample sizes may not be obtainable for the large rainfalls that have low probabilities of occurrence. For areal rainfall H t falling in rainfall group 6 (RG6) in Fig. 9 , all the differences within RG6 are scaled by an uncertainty factor u. The value of u is selected based on the computed scaling factors for reducing the variability of P 1 t and P 2 t from a lower raingauge density to a higher one. The analysis presented in Figs 6 and 7 gives scaling factors ranging from 0.57 to 0.72, and additional analysis using raingauge densities of 3 and 6 stations for Liebenbergsvlei obtained a scaling factor of 0.64. Any uncertainty factor u within the observed range is considered realistic.
DETERMINATION OF STOCHASTIC PERTURBED AREAL RAINFALLS
Because the minimum possible areal rainfall is zero, any negative perturbation with a magnitude higher than the unperturbed rainfall value would lead to infeasibility. Since subtractive (negative) and additive (positive) perturbations need to be constrained identically to avoid bias, a reasonable lower and upper limit of the magnitude of the perturbation is the rainfall value itself. After scaling, only the perturbations whose magnitude is less than H t are considered feasible. A cumulative probability distribution plot of these (feasible) perturbations is then obtained using the Weibull plotting position formula in the form p = m/(n + 1), where p is the proportion of perturbations larger than the perturbation ranked m out of a sample of size n. The ranking is done to give a rank of 1 to the largest perturbation. The Weibull formula was selected because it is simple and is widely understood and applied. The selected perturbation P t is then computed as the value on the cumulative density plot corresponding to a random number generated from a uniform distribution in the range 0-1. Since the random number may not lie on an actual plotting position, linear interpolation is applied between the data points in the cumulative distribution to obtain P t . This procedure is repeated for all daily rainfalls of the complete time series, and is repeated for as many times as required to obtain a population of stochastic areal rainfalls from a single historic sequence of areal rainfall.
FILLING IN MISSED-OUT RAINFALLS
As indicated in Section 3, Fig. 8 reveals that doubling the raingauge density reduces the proportion of missed-out rainfalls by a constant proportion, and this finding forms the main basis for the method for filling in the missing rainfalls. The other basis for the method is the extrapolation of this variation in the proportion of zero rainfalls from the existing raingauge density to a full-capacity raingauge density that captures all the significant rainfalls. Figure 10 illustrates the method for obtaining the proportion and magnitudes of non-zero rainfalls that are missed out at the existing raingauge density. Figure 10 separates the zero and non-zero areal rainfalls and lumps them separately to ease the illustration. If z i is the percentage of areal rainfalls recorded as zero for density d i , the proportion by which the missed-out rainfalls reduce in doubling the raingauge density can be computed as z 2 /z 1 where d 2 is the actual (existing) raingauge density and d 1 is the density at half (or about half) the actual raingauge density. If the number of times (nmax -2, according to Fig. 10 ) that the raingauge density needs to be doubled to obtain a raingauge density of full-capacity (d nmax ) can be specified, the proportion of zero rainfalls for a full-capacity density can be obtained as:
The proportion of non-zero rainfalls that have been missed out at the existing raingauge density (z f ) can therefore be obtained as the difference between z 2 and z nmax :
If the expected percentage of zero rainfalls at the full-capacity density is to be achieved, a proportion z f of the rainfalls calculated as zero at the current raingauge density needs to be replaced with non-zero rainfalls. The non-zero rainfalls are filled in by a cumulative density plot obtained from the rainfalls computed as non-zero at the current density (d 2 ), but as zero at half the current density (d 1 ). Thus, if H t > 0 and either L 1 t or L 2 t , = 0, H t is included in the population of rainfalls used to obtain this cumulative probability density plot. The cumulative density plot is obtained by ranking the rainfalls and finding the probability of exceedence of each using the Weibull plotting position formula. The rainfall replacing the zero rainfall is obtained by generating a random number from a uniform distribution in the range 0-1 and finding the rainfall value in the cumulative plot corresponding to this number, including interpolation if the random number falls between two plotting positions. The rainfall is then subjected to perturbation just as the rainfalls recorded as non-zero (Section 4). The flow chart of Fig. 11 describes the complete model. Cumulative density plot
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MODEL APPLICATION AND RESULTS
The stochastic areal rainfall generator was used to generate 100 sequences of daily areal rainfall for the Liebenbergsvlei and the Berg catchments ( Fig. 1) using the selected historic point rainfall data (Table 1 ). The uncertainty factor u was set to equal the scaling factor in shifting from a raingauge density of 4 to 8 stations for the Berg (0.72 as seen in Fig. 7(b) ), and from 6 to 12 stations for Liebenbergsvlei (0.64). In order to further assess the impact of the uncertainty factor, the limiting u value of 1.0 was also applied.
To assess the impact of filling in rainfall events that are entirely missed out by the raingauges, model runs were also done with and without activating the component of the model that fills in the missed rainfalls.
Parameter nmax for a full-capacity raingauge density was selected as 5 for both catchments. This nmax value implies that 96 (12 × 2 5-2 ) and 64 (8 × 2 5-2 ) raingauges were considered to provide full-capacity raingauge density for Liebenbergsvlei and the Berg, respectively. Trial runs indicated that the generator was insensitive to rainfall grouping, and the grouping shown in Table 2 was applied for the two catchments. Grouping RG1 to RG8 in Fig. 9 corresponds to the groups in Table 2 used for the Berg.
Figures 12 and 13 show box plots of the mean, standard deviation and skewness of the 100 stochastic areal rainfalls generated for the two catchments, and Table 3 presents the average values of these statistics. Table 3 reveals, as expected, that the mean rainfalls are unbiased when the procedure for filling in missed rainfalls is not activated. With the activation of this procedure, the mean rainfalls increased by 5.5% and 10.3% for Liebenbergsvlei and the Berg, respectively. Applying the limiting uncertainty of 1.0 is found to increase both the average value and the variability of the standard deviation and the skewness, and this impact is more significant for the Berg. It was also observed that applying the limiting u of 1.0 noticeably alters the distribution of the mean rainfall for the Berg as the historic mean locates at the 25th percentile of the box plot for the case not including the missed-out rainfalls (Fig. 13) .
The model is also assessed using percentile and box plots of representative individual rainfalls. The 5-95% percentile plots shown in Figs 14 and 15 generally exhibit the expected behaviour, although the similarity of the percentiles for the two uncertainty factors was not expected. A possible explanation is speculated as a closely matching activation of the constraint that limits the magnitude of the perturbations to the historic areal rainfall at both uncertainty levels for the times when the percentiles are similar. The box plots for historic rainfalls of a wide range of exceedence probabilities shown in Figs 16 and 17 reveal large variability of the generated stochastic rainfalls across the range of rainfall magnitude. For Liebenbergsvlei, the limiting uncertainty factor of u = 1.0 generally results in higher variability than the data-derived value of u = 0.64. For the Berg, the variability in the box plots at both u values is moreor-less similar. However, it is important to note that the box plots in Figs 16 and 17 are based on only 5 days out of the 1338 and 1362 days of analysis for Liebenbergsvlei and the Berg, respectively, and are used only to assess the effect of the generator on individual rainfalls.
DISCUSSION, CONCLUSIONS AND RECOMMENDATIONS
In the estimation of areal rainfall uncertainty for hydrological modelling, the major uncertainty is in the translation of point rainfalls into areal rainfalls and not in point rainfall measurement inaccuracies The Berg: box plots of 100 stochastic sequences of areal rainfall for selected historic rainfalls. (Hughes et al. 2011) . This study demonstrates a simple and practical approach of quantifying the uncertainty associated with obtaining areal rainfall from point rainfall measurements and generating ensembles of areal rainfall that incorporate them. The ensembles can then be used instead of a single time series that is substantially uncertain. The ensembles of areal rainfalls are obtained by imposing linear perturbations, obtained as differences in computed areal rainfall, by alternately omitting half (or about half) of the raingauges in areal rainfall computation. These perturbations are found to depend on the areal rainfall, and the model incorporates this dependence by constraining the perturbations applicable to a given rainfall value based on its magnitude. In addition, the applicable perturbations are scaled by an uncertainty factor u that theoretically ranges between 0 and 1. This study formulated a method of obtaining a reasonable estimate of u based on the change in variability of the perturbations with raingauge density. For densities of 1, 2, 4 and 8 raingauges for the two study catchments, u was found to range between 0.57 and 0.72. The scaled perturbations that are lower in magnitude than the rainfall are used to create a cumulative probability distribution from which a single perturbation to add to the rainfall is obtained randomly. An additional component of the model is a method to fill in the rainfall events that fall in locations where no raingauge is located and which are, therefore, entirely missed out by the raingauge measurements. The formulation for this is based on the understanding that the proportion of rainfalls that are missed out reduces as the raingauge density increases. Using the two case study sites, it was found that doubling the raingauge density results in a constant reduction in the proportion of missed-out rainfall events. By estimating how many times the existing raingauge density would need to be doubled in order to achieve a full-capacity raingauge density, a method of stochastically generating the missed-out rainfall events has been formulated. A full-capacity raingauge density is considered as one that captures all the significant rainfall events for the required level of accuracy/precision.
The model requires the user to specify only two parameters: the uncertainty factor u (0 ≤ u ≤ 1) and the number of times to double the existing gauge density in order to achieve a full-capacity raingauge density. A method of estimating u was formulated and used here (Section 2; Figs 6 and 7), but in the absence of adequate data to use this method, u values determined from neighbouring (or similar) catchments could also be applied. The analysis here set the actual rainfall (H t ) as the limiting magnitude of the perturbation to impose on H t . However, it is possible that a more stringent constraint can be selected based on the user's judgement of what the maximum percentage error is likely to be in computing areal rainfall. This may depend on several factors, including the catchment area (Carpenter and Georgakakos 2004, Anctil et al. 2006) , the existing raingauge density, the variability of rainfall, the topography of the catchment and the required detail of the modelling. The number of times to double the raingauge density in order to obtain a full-capacity raingauge density (nmax -2) may be obtained from an assessment of what raingauge density the modeller would consider as adequate for the catchment. This physical interpretation of nmax -2 enables it to be specified realistically. The computational efficiency of the model also makes it easy to assess the effect of changing the values of the two parameters on the generated rainfalls.
The model also requires the grouping of rainfall within which to obtain perturbation for a set rainfall magnitude ( Fig. 9 and Table 2) based on the variation of the perturbations with rainfall magnitude (Figs 3 and 4) , although the generation was found to be generally insensitive to realistic grouping of the rainfalls. An alternative to specifying static rainfall groups, as done here, would be to specify the range that falls within a certain percentage of the specific rainfall value. It is important to note that the reliability of the generation requires the sample size of the rainfall group to be reasonably large for accurate identification of the probability distributions from which the perturbations are obtained. The rainfall group for extreme daily rainfall totals of low probability will invariably have a small sample size and the model may therefore not be a realistic stochastic generator for the very large daily rainfalls.
The model was tested on the Liebenbersvlei and the Berg, two south African catchments of varied characteristics, and is found to exhibit the expected behaviour and to obtain realistic quantification of uncertainties. In particular, the mean rainfalls are unbiased if the component of the model incorporating missed-out rainfalls is not activated. When this component is activated, realistic average increases in mean rainfall of 5.5% and 10.3% are obtained for Liebenbersvlei and the Berg, respectively.
Further work on stochastic areal rainfall generation using the approach developed here could include:
-Try out alternatives to the Weibull plotting position approach for obtaining the probability densities in the model. The Weibull plotting position method requires large sample sizes that are not achievable for the rainfall groups (Figs 3, 4 and 9) of large rare daily rainfalls. In addition, the model here applied linear interpolation to find perturbations between plotting positions, which is not realistic for small sample sizes. An effective alternative may be the kernel density approach (Mehrotra and Sharma 2007) , but using this method is likely to counteract the objective of keeping the modelling simple. -Test the generator using experimental catchments with high (full-capacity) raingauge density measurements where the actual areal rainfalls are known to high levels of certainty. -Study of the application of the model at a monthly time step, which is commonly used in hydrological and water resources assessment. -Investigate how radar rainfall measurements could be used to assess and/or modify the method. -Find out how and where the stochastic areal rainfall model could fit into decision support systems for probabilistic water resources assessment -Investigate the applicability of multiplicative perturbations in place of the linear perturbations applied in the current study. -Drive catchment models using the stochastic rainfalls and use the catchment modelling performance as a means to assess the applicability of the rainfall generator and the suitable ranges of its parameters. -Find the significance of using other areal rainfall estimation methods in place of the inverse distance weighting method applied in the current study.
The current formulation of the model is, however, considered to be adequately robust for practical modelling applications.
